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For the ﬁnite ﬁeld Fq of q elements (q odd) and a quadratic non-
residue (that is, a non-square) α ∈ Fq , we deﬁne the distance
function
δ(u + v√α, x+ y√α ) = (u − x)
2 − α(v − y)2
vy
on the upper half plane Hq = {x + y√α | x ∈ Fq, y ∈ F∗q} ⊆ Fq2 .
For two sets E,F ⊂ Hq with #E = E , #F = F and a non-trivial
additive character ψ on Fq , we give the following estimate
∣∣∣∣
∑
w∈E, z∈F
ψ
(
δ(w, z)
)∣∣∣∣min{q +
√
2qE,
√
3q5/4
}√
E F ,
which (assuming that F  E) is non-trivial if E F/q2 → ∞ as
q → ∞.
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1.1. Background
Since the groundbreaking result of Jean Bourgain, Nets Katz and Terence Tao [4] on the sum-
product problem in ﬁnite ﬁelds, there has been a burst of activity in the area of discrete analogues of
classical combinatorial problems, which have recently culminated in a solution of the Kakeya problem
over ﬁnite ﬁelds by Zeev Dvir [7]. In particular, Alex Iosevich and Misha Rudnev [8] have introduced
a ﬁnite ﬁeld analogue of the Erdo˝s distance problem. Namely, it is shown in [8] that there are absolute
constants c1, c2 > 0 such that for any odd q and any set E ⊆ Fnq of cardinality #E  c1qn/2 the number
D(E) of distances
d(x,y) =
n∑
i=1
(xi − yi)2
between all pairs of vectors
x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ E,
satisﬁes
D(E) c2 min
{
q,q−(n−1)/2#E}.
In fact one can also obtain a more general result for the number of pairwise distances between
elements of two sets E,F ⊆ Fnq (see also [17,18]).
The argument of Alex Iosevich and Misha Rudnev [8] is based on Fourier analysis on ﬁnite ﬁelds,
more speciﬁcally, on analysis on “Q -spheres” in ﬁnite ﬁelds. Le Anh Vinh [21] has revisited the prob-
lem in a more general setting. Instead of the Euclidean distance function, Le Anh Vinh [21] considers
any non-degenerate quadratic forms and obtains similar results. The new idea in [21] is to combine
a sharp eigenvalue estimate for Ramanujan graphs associated with non-degenerate quadratic forms
and some other result in graph theory. While this method, as pointed out in [21], is essentially equiv-
alent to that of Alex Iosevich and Misha Rudnev [8], it is more elementary.
Furthermore, Le Anh Vinh [21] has considered an analogue of the Erdo˝s distance problem for
points of the upper half plane Hq on the ﬁnite ﬁeld Fq , where the upper half plane Hq is
Hq =
{
x+ y√α ∣∣ x ∈ Fq, y ∈ F∗q}⊆ Fq2 ,
for a ﬁxed quadratic non-residue (that is, a non-square) α ∈ Fq , and the distance between two points
is
δ(u + v√α, x+ y√α ) = (u − x)
2 − α(v − y)2
vy
.
For two sets E,F ⊆ Hq , Le Anh Vinh [21] deﬁnes
Hq (E,F) = #
{
δ(w, z)
∣∣w ∈ E, z ∈ F},
and by using similar ideas obtains
Hq (E,F)min
{√
#E#F
3q1/2
,q − 1
}
(1)
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of Hq , interested readers can see the series of papers [2,3,9,16,19,20] and references therein. In par-
ticular, they naturally lead to new examples of Ramanujan graphs (see [5,10,12–14]).
1.2. Main result
For an additive character ψ on Fq (q odd) and two sets E,F ⊆ Hq , we deﬁne the character sum
Sψ(E,F) =
∑
w∈E, z∈F
ψ
(
δ(w, z)
)
(see [15] for basic properties of additive characters).
Our main result is the following.
Theorem 1. For arbitrary sets E,F ⊆ Hq with #E = E, #F = F and any non-trivial additive character ψ
on Fq, we have
∣∣Sψ(E,F)∣∣min{q +√2qE,√3q5/4}√E F .
Clearly, without loss of generality, we can assume that F  E , in which case the bound of Theo-
rem 1 is non-trivial if E F/q2 → ∞ as q → ∞.
Our method is a combination of Fourier analysis on ﬁnite ﬁelds of Alex Iosevich and Misha Rud-
nev [8] with the graph theory method of Le Anh Vinh [21]. We note that each of the above methods
can be used independently, but their combination leads to a stronger result.
In the case of prime q = p, we assume that Fp is represented by the integers {0, . . . , p − 1}.
Accordingly, for two sets E,F ⊆ Hp we deﬁne their diameter Diam(E,F)
Diam(E,F) = max
w∈E, z∈F δ(w, z).
By (1) we see that Hp (E,F)  p − 1 provided that E F  9p3 and p is large enough, where, as
before, #E = E , #F = F (in fact it holds for any q). Thus Diam(E,F) p − 2 in this case. Using the
Erdo˝s–Turán inequality (see [6,11]) from the theory of uniform distribution together with the bound of
character sums of Theorem 1, see that if E F/p2 → ∞ as p → ∞ (where as before #E = E , #F = F ),
then ratios
δ(w, z)
p
, w ∈ E, z ∈ F,
are asymptotically uniformly distributed in the unit interval [0,1]. In particular, there are always ratios
close to the right end of the interval, and we obtain:
Corollary 2. For a prime p and arbitrary sets E,F ⊆ Hp with #E = E, #F = F and E F/p2 → ∞ as p → ∞,
we have
Diam(E,F) = (1+ o(1))p.
Similarly, Theorem 1 can be used to estimate the distance
Dist(E,F) = min
w∈E, z∈F δ(w, z)
between two sets E,F ⊆ Hp .
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we have
Dist(E,F) = o(p).
2. Preparations
2.1. Some auxiliary character sums
First we need to evaluate the following character sums.
For an additive character ψ of Fq and w1,w2 ∈ Hq , deﬁne
Tψ(w1,w2) =
∑
z∈Hq
ψ
(
δ(w1, z) − δ(w2, z)
)
.
Lemma 4. For a non-trivial additive character ψ of Fq and two vectors w1,w2 ∈ Hq with w1 	= w2 , we have
Tψ(w1,w2) =
{−q(ψ(τ ) + ψ(−τ )), where τ 2 = 4αδ(w1,w2), τ ∈ F∗q,
0, if δ(w1,w2) is a square in F∗q .
Proof. First we rewrite Tψ(w1,w2) as
Tψ(w1,w2) =
∑
t∈Fq
ψ(t)Nψ(w1,w2; t),
where
Nψ(w1,w2; t) = #
{
z ∈ Hq: δ(w1, z) − δ(w2, z) = t
}
.
Let
w1 = (a,b), w2 = (c,d) ∈ Hq
with w1 	= w2 and z = (x, y) ∈ Hq . Then δ(w1, z) − δ(w2, z) = t if and only if
d
(
(x− a)2 − α(y − b)2)− b((x− c)2 − α(y − d)2)= bdty.
Recall the orthogonality property of additive characters
∑
u∈Fq
ψ(γ u) =
{
0, if γ ∈ F∗q,
q, if γ = 0. (2)
Then we write
Nψ(w1,w2; t) =
∑
y∈F∗q
x∈Fq
1
q
∑
u∈Fq
ψ
(
uΨw1,w2,t(x, y)
)
,
where
Ψw1,w2,t(x, y) = d(x− a)2 − dα(y − b)2 − b(x− c)2 + bα(y − d)2 − bdty.
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Gψ(w1,w2;u) =
∑
x∈Fq
ψ
(
u
{
d(x− a)2 − b(x− c)2}),
Hψ(w1,w2;u, t) =
∑
y∈Fq
ψ
(
u
{
bα(y − d)2 − dα(y − b)2 − bdyt}),
Jψ(w1,w2) = q − 1− 1
q
∑
u∈F∗q
Gψ(w1,w2;u)ψ
(
u
{
bαd2 − dαb2}).
Then Nψ(w1,w2; t) can be written as
Nψ(w1,w2; t) = Jψ(w1,w2) + 1
q
∑
u∈F∗q
Gψ(w1,w2;u)Hψ(w1,w2;u, t).
By using the orthogonality property of additive characters (2) and noticing that Jψ(w1,w2) is inde-
pendent of t , we obtain
Tψ(w1,w2) = 1
q
∑
t∈Fq
ψ(t)
∑
u∈F∗q
Gψ(w1,w2;u)Hψ(w1,w2;u, t).
Since w1 	= w2 , if b = d, then a 	= c and
d(x− a)2 − b(x− c)2 = 2b(c − a)
(
x− a + c
2
)
.
Hence, by (2) again we have Gψ(w1,w2;u) = 0 for any u 	= 0. Therefore, if b = d then
Tψ(w1,w2) = 0.
If b 	= d, then
d(x− a)2 − b(x− c)2 = (d − b)
(
x− ad − bc
d − b
)2
− bd(a − c)
2
d − b . (3)
To evaluate Gψ(w1,w2;u), we recall some standard properties of Gauss sums over Fq (we refer
to [15] for details). The classical Gauss sum G(ψ) is deﬁned as
G(ψ) =
∑
z∈Fq
ψ
(
z2
)
.
It is easy to see that
G(ψ) =
∑
z∈Fq
η(z)ψ(z),
where η is the quadratic character of Fq . We know that
G(ψ)2 = η(−1)q, (4)
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∑
z∈Fq
ψ
(
γ z2
)= η(γ )G(ψ), (5)
for γ ∈ F∗q , see [15, Theorem 5.33].
If b 	= d, then using (3) and (5) we see that
Gψ(w1,w2;u) = G(ψ)η
(
u(d − b))ψ
(
−bd(a − c)
2u
d − b
)
. (6)
For Hψ(w1,w2;u, t), noticing that
bα(y − d)2 − dα(y − b)2 − bdyt = α(b − d)
(
y − bdt
2α(b − d)
)2
+ bdα(d − b) + b
2d2t2
4α(d − b) ,
we obtain again from (5) that
Hψ(w1,w2;u, t) = G(ψ)η
(
uα(b − d))ψ
(
ubdα(d − b) + b
2d2t2u
4α(d − b)
)
. (7)
Since η(α) = −1, using (4), (6), (7) and (2), we may rewrite Tψ(w1,w2) as
Tψ(w1,w2) = −
∑
t∈Fq
ψ(t)
∑
u∈Fq
ψ
(
u fw1,w2(t)
)
, (8)
where
fw1,w2(t) = bdα(d − b) +
b2d2t2
4α(d − b) −
bd(a − c)2
d − b .
Recalling (2) one sees that in the identity (8) there is no contribution from the terms t ∈ Fq with
fw1,w2 (t) 	= 0. One derives that fw1,w2 (t) = 0 if and only if
t2 = 4α (a − c)
2 − α(d − b)2
bd
= 4αδ(w1,w2).
Therefore if δ(w1,w2) is a square in F∗q , then Tψ(w1,w2) = 0, otherwise, let
τ 2 = 4αδ(w1,w2)
for some τ ∈ F∗q , then
Tψ(w1,w2) = −q
(
ψ(τ ) + ψ(−τ )),
which completes the proof. 
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We now recall some graph theory results similar to those of Le Anh Vinh [21].
First, for any ﬁxed a ∈ Fq , the ﬁnite non-Euclidean graph Vq(α,a) has vertices as the points in Hq
and edges between vertices z,w ∈ Hq if and only if δ(z,w) = a. It is known that, except for a = 0
or 4α, the graph Vq(α,a) is a (q2 −q,q+1,2√q )-regular graph, that is, the graph Vq(α,a) is (q+1)-
regular on (q2 − q) vertices with |λ| 2√q for any non-trivial eigenvalue λ of the adjacency matrix
of the graph Vq(α,a), see [5,10,12–14,21] and references therein.
Next, we use the following well-known result, see [1, Chapter 9].
Lemma 5. LetG be an (n,d, λ)-regular graph. For every set of vertices A of G, denote by e(A) the number of
pairs (u, v) ∈ A × A such that uv is an edge of G. Then
∣∣∣∣e(A) − dn (#A)2
∣∣∣∣ λ#A.
3. Proof of Theorem 1
By the Cauchy inequality,
∣∣Sψ(E,F)∣∣2 =
∣∣∣∣
∑
w∈E
∑
z∈F
ψ
(
δ(w, z)
)∣∣∣∣
2
 FW , (9)
where
W =
∑
z∈F
∣∣∣∣
∑
w∈E
ψ
(
δ(w, z)
)∣∣∣∣
2
.
Extending the range of summation over z ∈ F to the whole plane Hq , squaring out and changing the
order of summation, we obtain
W 
∑
z∈Hq
∣∣∣∣
∑
w∈E
ψ
(
δ(w, z)
)∣∣∣∣
2
=
∑
w1,w2∈E
∑
z∈Hq
ψ
(
δ(w1, z) − δ(w2, z)
)
= q(q − 1)E +
∑
w1 	=w2∈E
Tψ(w1,w2). (10)
By Lemma 4
∑
w1 	=w2∈E
Tψ(w1,w2) = −q
∑
w1 	=w2∈E
4αδ(w1,w2)=τ 2 	=0
(
ψ(τ ) + ψ(−τ )). (11)
We now estimate the above sum trivially as
∣∣∣∣
∑
w1 	=w2∈E
Tψ(w1,w2)
∣∣∣∣ 2qE2.
Therefore, we see from (10) that
W  q2E + 2qE2,
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∣∣Sψ(E,F)∣∣ (q +√2qE )√E · F .
On the other hand, the right-hand side of (11) can be rewritten as
∑
w1 	=w2∈E
Tψ(w1,w2) = −q
∑
τ∈F∗q
ψ(τ )
∑
w1 	=w2∈E
4αδ(w1,w2)=τ 2
1. (12)
To estimate the second sum on the right-hand side, we use Lemma 5. As we have mentioned in
Section 2.2, for τ 	= 0,4α each graph Vq(α, τ 2/(4α)) is a (q2 − q,q + 1,2√q )-regular graph. So, by
Lemma 5, whenever τ 	= 0,4α, we have
∣∣∣∣
∑
w1 	=w2∈E
4αδ(w1,w2)=τ 2
1− q + 1
q2 − q E
2
∣∣∣∣=
∣∣∣∣e(E) − q + 1q2 − q E2
∣∣∣∣ 2√qE. (13)
For τ = 4α, one sees directly from the deﬁnition of the distance function δ and the fact that α is
a non-square that the solutions of the equation δ(w1,w2) = 4α are of the forms w1 = (a,b), w2 =
(a,−b). Hence for τ = 4α,
∑
w1 	=w2∈E
4αδ(w1,w2)=τ 2
1 E. (14)
Using (13) for τ 	= 4α and (14) for τ = 4α, we derive from (12) that
∑
w1 	=w2∈E
Tψ(w1,w2) = −q(q + 1)E
2
q2 − q
∑
τ∈F∗q
τ 	=4α
ψ(τ ) + R
= (q + 1)E
2
q − 1
(
ψ(0) + ψ(4α))+ R = (q + 1)E2
q − 1
(
1+ ψ(4α))+ R,
where
|R| 2q(q − 2)√qE + qE.
Therefore
∣∣∣∣
∑
w1 	=w2∈E
Tψ(w1,w2)
∣∣∣∣ 2(q + 1)E
2
q − 1 + 2q(q − 2)
√
qE + qE
 2q(q + 1)E + 2q(q − 2)√qE + qE
since trivially E  q(q − 1). Inserting this bound in (10), and we obtain
W  q(q − 1)E + 2q(q + 1)E + 2q3/2(q − 2)E + qE
= 2qE
(
q3/2 + 3q
2
− 2√q + 1
)
< 3q5/2E,
746 N.M. Katz et al. / Finite Fields and Their Applications 15 (2009) 738–747since
3z
2
− 2z1/2 + 1 1
2
z3/2
for z 1. Now, recalling (9) we ﬁnally derive
∣∣Sψ(E,F)∣∣ q5/4√3E · F ,
which completes the proof of Theorem 1.
4. Remarks
We remark that if we consider any non-degenerate quadratic form Q on the n-dimensional vec-
tor space Fnq , then for any two sets E,F ⊂ Fnq with #E = E , #F = F and any non-trivial additive
character ψ on Fq , we have
∣∣∣∣
∑
w∈E, z∈F
ψ
(
Q (w− z))
∣∣∣∣
√
qnE F , (15)
which for n = 2 looks a little better than Theorem 1 (although of course it applies to a different
distance function so the results are incomparable). Indeed to prove (15) for a quadratic form Q (x) =
xAxT with an n × n non-singular symmetric matrix A (where xT means the transpose of x ∈ Fnq), we
remark that by the Cauchy inequality
∣∣∣∣
∑
w∈E, z∈F
ψ
(
Q (w− z))
∣∣∣∣
2
 F
∑
z∈F
∣∣∣∣
∑
w∈E
ψ
(
wAwT − 2wAzT + zAzT )
∣∣∣∣
2
 F
∑
z∈Fnq
∣∣∣∣
∑
w∈E
ψ
(
wAwT − 2wAzT )
∣∣∣∣
2
 F
∑
w1,w2∈E
ψ
(
w1Aw1
T −w2Aw2T
)∑
z∈Fnq
ψ
(
2(w1 −w2)AzT
)
= E Fqn,
since the inner sum over z vanishes unless w1 = w2 , and we obtain (15).
Several more bounds of character sums with a quadratic form Q or more general polynomials
F (w, z) =
n∑
j=1
f j(w j, z j)
where w = (w1, . . . ,wn), z = (z1, . . . , zn) ∈ Fnq , and f j(W , Z) ∈ Fq[W , Z ] are given in [17].
All the above bounds can be used for various applications. For example, one can obtain an analogue
of Corollary 2 for the corresponding distance functions.
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